Gau periods have been used successfully as a tool for constructing normal bases in nite elds. Starting from a primitive rth root of unity, one obtains under certain conditions a normal basis for F q n over F q , where r is a prime and nk = r ? 1 for some integer k. We generalize this construction by allowing arbitrary integers r with nk = '(r), and nd in many cases smaller values of k than is possible with the previously known approach.
Introduction
Let F q be a nite eld with q elements. A basis of the form ( ; q ; : : :; q n?1 ) of the vector space F q n over F q is a normal basis, and in this case is a normal element in F q n over F q . Gau periods have been used to construct normal bases in the following way: Let n; k 1 be integers such that r = nk + 1 is a prime, and let q be a prime power with gcd(q; r) = 1. Then the group Z r of units modulo r is cyclic and has nk elements, and since q nk 1 mod r, r divides q nk ?1 = jF q nk j. Hence there exists a primitive rth root of unity 2 F q nk , and a is well-de ned for any a 2 Z r . Let K < Z r be the unique subgroup of the cyclic group Z r with jKj = k, and = X a2K a :
Then is called a (narrow sense) Gau period of type (n; k) over F q .
In this situation we have 2 F q n , and is a normal element of F q n over F q if and only if gcd(e; n) = 1, where e is the index of q modulo r. Starting with 6], this construction has been used to nd normal bases, in particular the so-called optimal normal bases; see also 2]. Optimal normal bases using Gau periods have been generalized by 1] (for q = 2), 8] , 5], Chapter 5, and 3]. The latter paper reconciles asymptotically fast arithmetic with normal bases; the cost for arithmetic in F q n depends not only on q and n but also on k. So it is important to nd a value for k that is as small as possible. This leads to the following de nition:
De nition 1. A pair (n; k) is called a (narrow sense) Gau pair over F q if and only if the narrow sense Gau period of type (n; k) is a normal element in F q n over F q . We de ne 0 q (n) = mink (n; k) is a Gau pair over F q , if such a k exists, 1 if no such k exists.
Unfortunately, 0 q (n) is not always small, and in fact it is sometimes not nite. (ii) 2p 6 j n, if p 1 mod 4, and 4p 6 j n, if p = 2 or p 3 mod 4.
Gau indicated in Article 356 of his Disquisitiones Arithmeticae that the construction of Gau periods might be extended from primes r to arbitrary positive integers. He says: \Ceterum observamus : : :] haecce theoremata salva vel potius aucta elegantia sua etiam ad valores quosvis compositos ipsius n extendi posse: sed de his rebus, quae altioris sunt indaginis, hoc loco tacere earumque considerationem ad aliam occasionem nobis reservare oportet." 1 It was a well-known habit of Gau to keep his results to himself rather than to publish them, often to the dismay of his contemporaries who would visit him to explain their great new result only to have Gau pull it from a drawer. We could not nd in the literature \another occasion" where he published his \more elegant theorems." In this paper we present a generalization of Gau periods which yields better results in the following sense, for some q:
There are Gau pairs (n; k) in the new sense with k < 0 q (n). Some examples are given in Table 2 .
There are Gau pairs (n; k) in the new sense where 0 q (n) = 1; see Table 1 .
In Section 2 we generalize the de nition of a Gau period in nite elds, and state our Main Theorem which gives a necessary and su cient condition for a general Gau period to be normal. Sections 3 through 5 contain the proof of the Main Theorem. In Section 3 we derive normal bases in nite elds from global normal bases in cyclotomic elds. In Section 4 we exhibit normal p-integral elements in cyclotomic elds and in Section 5 we prove our Main Theorem. In the last section we discuss some experimental results showing the scope of improvement over the previous construction. Our Main Theorem is a statement about a construction in nite elds. The necessity of the condition can be proven by working in nite elds alone, but we do not have this type of proof for its su ciency; rather, we make use of global considerations in certain algebraic number elds.
General Gau periods
The construction of the Introduction, with a prime r, generalizes as follows:
De nition 3. Let q be a prime power, and n; k; r 2 N be positive such that gcd(r; q) = 1 and '(r) = nk. Furthermore, let 2 F q nk be a primitive rth root of unity, and K be a subgroup of Z r of order k. Then = X a2K a is called a Gau period of type (n; K) over F q . If r is prime, then is called a narrow sense Gau period of type (n; k) over F q .
Note that in case of prime r our de nition of a narrow sense Gau period coincides with the previous de nition given in the last section: in this case the group Z r is cyclic, hence has exactly one subgroup for each divisor of '(r) = r ? 1. Example 4. Let q = 2; n = 20; k = 2; r = 55. Then '(r) = 40 = 2 20 = k n. The group Z r has three subgroups of order k, namely: K 1 = f1; 21g; K 2 = f1; 54g; and K 3 = f1; 34g:
As we will see later, the resulting Gau periods are not equivalent. In fact only the rst two of them yield a normal basis in F 2 20 over F 2 .
Later in Section 5 we will prove that the Gau period in the above de nition is a normal element of F q n if and only if r is squarefree and hq; Ki = Z r , see Theorem 24. This theorem will be a special case of a more general one which also covers the case of squarefull r. The explicit normal elements in that case are more complicated and described as follows. For a prime`and a nonzero integer m we de ne ord`(m) as the maximum number f such that`f divides m.
De nition 5. With the notation of De nition 3 let r = r 1 r 2 where r 2 is the squarefree part of r,
i.e., the product of all primes`such that ord`(r) = 1. For any prime`dividing r let`0 := r=`o rd`(r) , and set
The general Gau period of type (n; K) is de ned as
Notice that if r is squarefree, then a general Gau period is the same as a Gau period. The following is the Main Theorem of this paper and will be proved in Section 5.
Main Theorem. A general Gau period of type (n; K) is a normal element of F q n if and only if hq; Ki = Z r .
We can use this theorem to construct normal elements in nite elds, as is shown in the following examples.
Example 6.
(1) Let be a primitive 9th root of unity over F 2 . We apply the theorem with q = 2, r = 9, and n = 6. Since h2i = Z 9 , the element + 3 is a normal element of F 2 6 . (1) Let r = 25. The order of 3 modulo 25 equals 20 = '(25). Let 
The following is the main theorem of this section. The next section will contain applications of this result in the case of cyclotomic elds. 
Normal p-integral elements in cyclotomic elds
In this section we will exhibit explicit normal p-integral elements in a cyclotomic eld generated by a primitive rth root of unity. We call r the conductor of the eld in the sequel. Reductions of these elements give normal elements in nite extensions of F p via an application of Corollary 16.
In a rst step we show how to construct normal p-integral elements in the compositum of two linearly disjoint number elds. We will need the following result, a proof of which can be found in 4].
Fact 17. Let Since the primes dividing the discriminant of a cyclotomic eld always divide the conductor, we see that two such elds with relatively prime conductors are linearly disjoint and have relatively prime discriminants. Thus, in view of the last proposition we only need to nd normal p-integral elements in cyclotomic elds with prime power conductor. This will be done in Proposition 20, for which we need an auxiliary result.
Lemma 19. Let`be a prime, t and s be nonnegative integers with s < t, be a primitive`t-th root of unity, and be a primitive`s-th root of unity. Then the trace of in Q( ) is zero if t 6 = 1 and is ?1 if t = 1. since `s is a primitive`t ?s -th root of unity. Suppose now that s = 0. If t > 1, then the trace of over the eld generated by a primitive`th root of unity is zero. (Choose s = 1 in the previous argument.) As a result, the absolute trace of is zero as well. If t = 1, then it is straightforward to check that the trace of equals ?1. 2 Proposition 20. Let`be a prime, t be a positive integer, and be a primitive`t-th root of unity. is a normal p-integral element of Q( ) for any p 6 = 2; 3.
We close this section by remarking that we cannot expect to obtain normal integral elements in cyclotomic elds of squarefull conductors. The reason for this is that there exist primes p with wild rami cation in these elds. By a theorem of E. 7] there do not exist normal integral elements in any p-adic completion of these elds, where p is a prime divisor of p. More generally, Abelian number elds with squarefull conductors do not possess normal integral elements for the same reason.
Normal modular Gau periods
Proof of the Main Theorem. Let denote the element P a2K g( a ). Since the condition hq; Ki = Z r is necessary for to be a normal element in F q n by Lemma 7, we only need to show the su ciency of this condition. In case q = p a prime, the assertion follows immediately from Corollary 16 and Theorem 21. Suppose now that q = p m and that hq; Ki = Z r : The order of q mod K equals b= gcd(b; m), where b is the order of p mod K. Hence, hq; Ki = Z r implies that gcd(b; m) = 1, and b = n. So hp; Ki = Z r , which implies that is a normal element of F p n by the rst part of this proof. As gcd(m; n) = 1, the elds F p n and F q are linearly disjoint over F p . As a result, the conjugates of are linearly independent over F q since they are linearly independent over F p , which shows that is normal over F q . 2 The Main Theorem shows that a Gau period of type (n; K) is normal in F q n if r is squarefree.
Can we expect it to be normal even if r is not squarefree? The answer is no, and the reason is as follows: if r is not squarefree, then the trace over F q of a Gau period of type (n; K) is zero. In particular, the conjugates of this period are not linearly independent. To prove this, we choose to use a detour over cyclotomic elds. Recall the M obius function de ned by (1) = 1, (n) = 0 if n is not squarefree, and (n) = (?1) t if n is squarefree and has exactly t prime divisors.
Lemma 23. The trace in Q of a primitive rth root of unity equals (r).
Proof. Let be a primitive rth root of unity, G = Z r the Galois group of K = Q( ) over Q, so that f(r) = P c2G c is the trace of . Then g(r) = P djr f(d) is the sum over all dth roots of unity, which is 1 if r = 1 and 0 otherwise. M obius inversion yields f(r) = (r). 2 This result together with the Main Theorem and Lemma 7 implies the following.
Theorem 24. A Gau period of type (n; K) over F q is a normal element of F q n if and only if hq; Ki = Z r and r is squarefree.
Some Experiments
As in the case of narrow sense Gau periods, we want to determine for given n and q the lowest value for k such that a normal general Gau period of type (n; K), where jKj = k, exists over F q : De nition 25. A pair (n; K) is called a general Gau pair if and only if the general Gau period of type (n; K) is a normal element in F q n over F q . De ne q (n) = Obviously, we have q (n) 0 q (n) for all q and n, see De nition 1. We now will see that sometimes q (n) < 0 q (n).
Example 26. Let More examples for q = 2 are exhibited in Table 2 . Tables for special Gau periods General Gau periods also yield normal bases in situations where 0 q (n) = 1. Some of them are given in Table 1 . For q 2 f3; 5; 7; 11g these are all values for 2 n 400 which 0 q (n) = 1. Tables 3 and 4 show the improvements for q = 3 and q = 5, respectively. For q = 2, we have 96 values of n between 2 and 400 with q (n) < 0 q (n). For q = 3, there are 126, and for q = 5 there are 120 such values, i.e., more than 25% which yield a better result. The average improvement ratio for 2 n 400 is 1.49 for q = 2, while for q = 3 and q = 5 the average ratios are 1.44 and 1.45, respectively. In the latter two cases we only consider values of n for which 0 q (n) < 1 holds.
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